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A graph G is said to be n-extendable if it is connected, has a set of n independent Birles and 
every set of n independent lines in G extends to (i.e. is a subset of) a perfect matching of G. 
Nearly all n-extendable graphs (n 3 2) are shown to be (n - 1)-extendable and (n + I.)- 
connected. The special cases of 2- and 3-extendable graphs and their relationships with 
bicritical and e’rementary bipartite graphs are then studied. 
1. Introduction 
A petfect matching (hereafter “p.m.“), CT l-factor, of a graph G is a set of 
independent lines which together cover all the points of G. One of the most 
important recent papers dealing with the structure of graphs which have p.m.3 ia 
due to Lovasz [6]. A problem which has attracted much attention in graph 
theory-and one which is not yet completely settled-is the following: given a 
graph G with a p.m., to determine a greatest lower bound on the number of 
different p.m.‘s G must contain. Motivated by his studies of this problem, Lov;isz 
began to develop a structure theory for graphs with p.m.‘s. Call a line of graph G 
allowed if it lies in some p.m. of G. A graph G is elementary if its allowed lines 
form a connected subgraph of it. A graph is bicritical if the deletion of any two 
points of G results in a graph with a p.m. Lo&z showed that in a certain sense 
any graph with a p.m. could be constructed using only elementary bipartite graph.s 
and bicritical graphs as building blocks. 
Subsequently, the study of these two classes of graphs has been continued by 
Lovasz and the present author [S, 9, lo]. See also the survey article by Lovasz [?I. 
In the present paper, a study of n-extendable graphs is undertaken. A graph G is 
n-extendable if it is connected, contains a set of n independent lines and every set 
of tr independent lines extends to (i.e. is a subset of) a p.m. of G. One readily sees 
that a graph is 1-extendable iff it is elementary without forbidden lines. C.H.C. 
Little proved a nice theorem about these [5]. In particular, he shows that in such a 
graph any two lines lie on a cycle which alternates with respect to some p.m. 
In Section 2 of this paper we present some results of a preliminary nature. First 
we give some examples of n-extendable graphs and prove the existence of a large 
family of such graphs. The proof of the important fact that n-extendability implies 
(n - l)-extendability in nearly all cases concludes the section. 
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In Section 3 we obtain the result that for all n sip - 1, an 
is necessarily (n + l)-connected. 
In Section 4 we classify 2-extendable graphs in the sense 
n -extendable graph 
that we prove such 
graphs must be either elementary bipartite or bicritical. (That no graph is both 
bipartite and bicritical is immediate.) We conclude with some counterexamples to 
further plausible conjectures. 
For any terminology used, but not defined, in this paper, the reader is referred 
to Lovasz [6] and Harary [4]. All graphs treated in this paper are assumed to be 
connected unless otherwise specified. 
2. Preliinary rdts 
In general, the family of n-extendable graphs is quite a large one. For example, 
when n = 2, the tetrahedron, the cube, the dodecahedron and the icosahedron 
(but not the octahedron) are 2-extendable as are all complete (equi-) bipartite 
graphs K(r, r) where r 22 in both cases. Our first theorem, qualitatively viewed, 
says roughiy that if the minimum degree b(G) of any graph G is large enough 
with respect o n and IV(G)1 (denoted by p hereafter unless confusion seems 
likely), then G is n-extendable. 
. 
Tkwem 2.1. Let n, k and p be positive integers with Q even, p 34 and $p + n s 
k % p - 1, Then aury graph G with p points and S(G) 2 k is n-extendable. Moreover, 
the lower bound for k is best possible. 
Proof. Let n, k and p be as in the hypothesis and let G be a graph on p points 
with S(G)2 k. Then S(G)2 k sip+ n >$p and so by Dirac’s theorem on Hamil- 
tonian cycles [I] G has a Hamiltonian cycle and since p is even, G must then have 
a p.m. containing ip 2 n + I> n independent lines. 
Now let X be any set of n independent lines in G and let G’= G - V(X). Then 
G’ has p-2n points and S(G)akalp+n, so 6(G’)aS(G)-2ir2a$p-n= 
:I V(G’)( and again by the Dirac theorem, G’ has a Hamiltonian cycle. But since p 
is even, p - 2n = 1 V(G’)\ is even and G’ therefore must have a p.m. Thus G has a 
p.m. containing X. 
To see that the bound is sharp, let p = ‘Lr be any even integer, with r 22. Form 
a graph G(p, n) as follows: join every point of the complete graph K,+,-l to each 
of r - n + 1 independent points. Now let I, = {a, bI, . . . , a,,b,,} be any set of n 
independent lines in the K r+n_l part of G(p, n). Then in the graph G’(p, n)= 
G(p,n)-{a,,...,~,b,,...,b,) there remain r+n-l-2n=r-n-1 points 
which cannot be matched onto the remai.Ang r - n + 1 independent points. Thus 
G(p, n) is not n-extendable. Clearly S(G(p, n)) = r + n - 1 -$p + n - 1 = deg u, 
where u is any of the r- n + 1 independent points in G(p, n). Cl 
Qn th .: other hand, connectivity large with respect to n does not in general 



























imply n-extendability. The graph G1 consisting of K(n, n) with a single line x 
added (cf. Fig. 1 (a)) is n-connected, has a p.m., but is not 1-extendable (X does not 
extend). Similarly, graph Gz consisting of K(n, n) with two lines x and y addled as 
in Fig. l(b) is n-connected, is 1-extendable, but not 2-extendable (X and z do not 
extend.). (In both cases the large + sign means all points on the-left are joined to 
all points on the right.) 
In fact, even if G is bipartite, large connectivity does not imply n-extendability, 
even if n is small. We illustrate with two more examples. 
First, construct a bipartite graph G3 with bipartition (A, B) as follows. Let 
A = {a)UA, UA2 where IAll = vz and iA21 = n-l and let B={b)UBlUB2 with 
IB I 1=n - 1 and I B21 = n. Then IA I = I BI = 2n. The adjacencies are as follows: each 
point of A2 U(a) is adjacent to each point of B and thus has degree = 2n, each 
point of AI is adjacent to B1 U(b) and hence has degree = n. It follows that each 
point of BI U (6) has degree 2n and each point of B2 has degree n. Clearly G3 has 
a p.m. obtained by matching AI onto {b} U B1 and each point of {a} U A2 onto Br. 
Qn the other hand, x = a6 lies in no p.m. for if it does, Gi = G3 - a - b has a p.m. 
But I&,‘(AI)I = 141 = n - 1 = IAJ- 1 CIA& where I&JAI) denotes the set of 
points in G3 adjacent to some point in AI. Thus the classical theorem of P. Hall 
on matchings in bipartite graphs [3] is contradicted. So G3 is an n-connected 
bipartite graph which is not 1-extendable. 
Secondly, a slight modification of G3 yields another graph G, which is n- 
connected (n 3 2), bipartite and l-extendable, but not 2-extendable. Let the 
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bipartition (A, B) of G4 be as follows: A = {a, c)U A1 U A2 with IAll = n, IA21 = 
n-2, B={b,d}UB,UB, with lB,\=(&\=n-1. Thus IAl=IB\=2n. The ad- 
jacencies are as follows: each point of A2U{a, c) is adjacent to B and is thus of 
degree 2n, while each point of Ai is adjacent to B1 U{b, d) and therefore has 
degree n + 1. It follows that each point of B1 U{b, d} has degree 2n and each 
point of B2 has degree n. 
Using Hall’s theorem again. G>=G,-a-b-c-d has no p.m. since 
lfG4(AI)( = n - 1 = IAil - 1 CIA,\. It is routine to check that G4 is extendable. 
It is a trifle vexing to note that there are graphs which are n-extendable, but not 
(n - 1 )-extendable. For n 2 2, a trivial example is the path of length 2n - 1. Here 
of course, p = 2n. We now proceed to show, however, that if p 22n + 2, then 
n-extendability does imply (n - l)-extendability. 
T)reorem 2.2. Let posifive integers n and p be given where n 32, p is even 
and p 32n + 2. Then if G is an n-exfendable grqh on p points, G is also 
(n - t )-exfenduble. 
PIO& Suppose n, p and G satisfy the hypotheses of the theorem, but suppose G 
is not (n - l)-extendable. In particular, let X be a set of n - 1 independent lines 
which do not extend to a p.m. and let M be any p.m. of G. Then M@X (where 
@ denotes symmetric difference) consists of some number of even cycles together 
with at least two alternating paths, each of which has both its first and last lines in 
M. Let P bc the line set of one such path. Then P@X is a set of n independent 
lines which can be extended to a p.m.. nloreover, this p.m. will contain at least 
one line e not in P@X, since ‘,P@XI = n and p >2n + 2. But then X U(e) is a set 
of fz independent lines which extends to a p.m. containing X, a contradiction. 
q 
3. CmmctMty of n-extendable graphs 
In the introduction we saw that if the connectivity of a graph is at least $p + n 
then it must be n-extendable. However, many graphs with much smaller connec- 
tivity are n-extendable as well. Hence it seems appropriate to ask if an n- 
extendable graph has a non-trivial lower bound (involving n) on its connectivity. 
We proceed to prove the answer affirmat:ve. 
Lemma 3.1. Every l-exfendable graph G (G # K2) is 2-connected. 
proof, Let G be l-extendable, and suppose v is a cutpoint and let C1, . . . , Ck 
(k 2 2) be the components of G - v. Let x denote any line joining v to a point of 
Cl. Thcq x extends to a p.m. of G implying \ V(C,)\ is odd (and 
. ..IV!C,,I are all even). But then if y is any line joining v to C,, it 
foli~w~ similarly that IV(C-J is odd, a coditradiction. 0 
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We remark in passing, if the reader has not already noticed, that n-extendable 
graphs on 2n points have not really been treated thus far. They are, by definition, 
precisely those graphs which contain a p.m. and these graphs are precisely those 
characterized by the well-known theorem of Tutte [ll]. The reader should also 
note that these are not necessarily (n - 1)-extendable. Earlier we gave a trivial 
family of examples of this kind of behaviour, namely the paths of length 2n - 1. 
For n = 2 there are precisely five 4-point graphs which are 2-extendable and 
among these precisely two are 1-extendable, while three are not. The reader may 
easily discern these. 
The reader may readily show also that an n-extendable graph G on p = 2n 
points is (n - 1)-extendable if and only if for every pair U, u of non-adjacent 
points, G - u - ~1 has no p.m. 
The existence of these few “troublesome” graphs indicates the reason for the 
necessity cf the requirement that p 3 2n + 2 in the hypothesis of Theorem 2.3 and 
also in the theorem now to follow. 
Theorem 3.2. Let n be a positive integer. Zf G is an n-extendable graph on 
p 2 2n + 2 points, G is (n + 1)-connected. 
Pm& The proof is by induction on n. For the case n = 1, the result follows from 
Lemma 3.1. 
Now suppose the result is true for some n - 120. We proceed to show the 
result valid for n. Hence let G be an n-extendable graph with p 3 2n + 2. Then by 
Theorem 2.2, G is also (n - 1)-extendable and thus by the induction hypothesis G 
is n-connected. 
Suppose now that G is not (n + l)-connected. Thus G contains a cutset of 
points, S, of cardinality n. Let C1, . . . , C’, (k 22) be the components of G - S. 
Note first that 1 V(C,)( + l l l +IV(C,)I=(V(G)i-ISla2n+2-n=n+2>n+l so 
by a variation of Menger’s theorem due to Dirac [2] there are n point-disjoint 
paths in G each having one endpoint in S and the other in UF= 1 V:Ci). It then 
follows that there is a set L of n independent lines joining S to uf=, V(Ci). 
First, suppose some Ci has I V(Ci)l 2 n. Then in fact, Dirac’s theorem says that 
there are YE disjoint paths in G joining S and V(Ci) and hence there is a set L of n 
independent lines joining Ci and S which, of course, m?lst cover S. NOW let x1 be 
any line of L, x1 = clsl; s1 E S. Since S - {sl} is not a cutset of G, there is a line xi 
joining s1 $0 a point of Ci for some if i. Moreover, if f.‘= L -{x,}U{x’,), L’ is 
also a set of n independent lines in (3. 
Now suppose n is even. Then since there is a p.m. of G containing L, I V(Ci!( is 
even. On ihe other hand, since L’ also extends to a p.m. of G, it fo!lows that 
I V(C,)l is add, 8 contradiction. A similar contradiction is reached upon assuming n 
to be odd. 
So we may suppose that each of IV(C,)I, . . . , IV(CJ s n - 1. NOW assume that 
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for some i,261V(Ci)J=mQI-1 and let V(Ci)={U1,***,&}* Let RI= 
( 4.41,. =. . ~,__l), We have ~V(G)-S-V(C~)l=IV(G)I-ISI-IV(C,)o2~+2- 
II- nt = n - III + 2, SO choose any set &C V(G) - S - V(Ci) such that l&l = 
18 - m + 1. Then (R, U R,\ = m - 1-t n -- m -k 1 = n and again using Dirac’s theorem 
there are n disjoint paths in G ioining S to RI U R2. But then there is a set L of n 
tines joining some m - 1 points of Ci and some n - (m - 1) points of V(G) - S - 
V( Ci ) to S. Let u denote the single point of C, not covered by L. Now L covers S 
and extends to a p.m., M, of G. But then n/r cannot cover u, a contradiction. 
Thus for all i, 1% i s k, I V(C,)l = 1. But since G has a p.m., it follows that k c n. 
Hence IV(G)1 s 2n contradicting the earlier assumption that p 3 2n + 2. Cl 
For some values of p and n it is easy to see that the bound in Theorem 3.2 is 
sharp. For example, let n be any positive integer 22 and let p = 2n + 2. Then the 
bipartite graphs Kin + 1, n + 1) are n-extendable, have q = (n + 1)2 lines, are 
In + 1 )-connected, but not (n + 2)-connected. Certain other extremal families for 
certain specific values of n and p have been found by the author. However for 
arbitrary positive integral n and p, where p is unrelated to n other than by the 
inequality p 3 en + 2, the problem ren:ains unsettled. 
Given a graph G and integers p and n as in the hypotheses of the preceding 
theorem, it follows easily that those points (if any) of degree n + 1 (the minimum 
possible) must have independent neighborhoods. 
Cabby 3.3. lf n and p are positive integers, p 2 2n + 2, if 6 is an n-extendable 
graph or0 p points 
independent set. 
and if u is a point of degree u + 1 in G, then rG (u) is an 
PMB&. Let u be a I ( point af degree n + ‘1 and let I&(u) = {u,, . . . , u,,, u,+,}. Since 
p 2 2n + 2 choose any n points, say W={W~,. . . , w,,), in V(G)-&(u)-(u). , 
Since G is (n + I )-connected, by Dir&s theorem we 
paths joining rt,( U) and W U( u}. Hence there are 
)i’i = t’lU* y,= u2w; 9 l l l 9 y,+, = u,+*w:* 
Now suppose rC;( u) is not independent; i.e., suppose 
have n + 1 point-disjoint 
n + 1 inder;ndent lines 
without loss of generality 
that t;,c2~E(G). Then {11,u2, y3,. . . , y,,,) is a set of n independent lines which 
cannot extend to a p.m. of G covering u, a contradiction. q 
4, Some cIass%&ion results 
In this section we shall study how the concept of n-extendability fits in with the 
propetiies of being elementary and being bicritical (concepts defined in the 
introduction). 
The foilowing characterization of bicritical graphs due to Lovk [6] will be 
helpful to us. 
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Theorem 4.1. 16, Proposition 3.51 Let G be a graph on arz even number of points. 
Then G is bicritical ifi for every set S = V(G) with ISI 2 2, G - S has at inost ISI - 2 
odd components. 
We can now classify 2-extendable graphs via the following theorem. It is 
important to realize at the outset that no bicritical graph can be bi;partite so that 
the two properties mentioned in this theorem, namely the properties of being 
bicritical and being elementary bipartite, are mutually exclusive. 
Theorem 4.2. Let G be 2-extendabk with p 2 6 points. Then G is either bicritical or 
elementary bipartite. 
Proof. G is elementary by Theorem 2.2. Suppose G is not bicritical. Hence by 
Theorem 4.1, there exists a set S E V(G) with ISI c c,( G - S) + 1 and hence by 
parity, ISl~c,(G - S). Since G contains a p.m., by Tutte’s well-known theorem 
[ 111, we must have ISI = c,(G - S). (Here c,(G - S) denotes the number of odd 
components in C - + cb. It is then immediate that every p.m. of G must therefore 
match each point of S with a point of a different odd component of G-S. But 
then since G has no forbidden lines, S is an independent set in G and G-S has 
no even components. 
Finally, we need only show that each component of G -S consists of a single 
point. Suppose, to the contrary, that N is an odd component with at least thret: 
points. Again, since G is 2-connec:ed, there must be two independent lines x’ and 
y’ joining N to S. Since G is 2-extendable, {x’, y’} extends to a p.m. M’ of G. 
(Actually, by parity, M’ must contain at least three lines joining N to S.) But each 
of the other ISI - 1 odd components must have a line of M’ joining it to a point of 
S. Hence M’ contains at least 3 + c,(G -3 S) - 1 = 3 + ISI - 1 = ISI + 2 lines incident 
with S, a contradiction. 
Thur, G is bipartite with bipartition (S, 7’) where ISI = ITI. El 
We point out that a 2-extendable bicritical graph need not be minimal bicritical, 
for graph G5 of Fig. 2(a) is such a graph. To see that G is not minimal, observe 
that graph H in Fig. 2(b) is a spanning bicritical proper subgraph of G. 
On the other hand, note that a 2-extendable graph which is elementary 
bipartite cannot, under any circumstances, be minimal elementary bipartite, 
unless it is the cycle on four points. This follows immediately from Theorem 5 of 
[9] which implies that a minimal elementary bipartite graph must hzve points of 
degree two. On the other hand, since for p = 4 there are no minimal elementary 
bipartite graphs other than C, and since for p 36 all 2-cxtendatle graphs have 
minimum degree at least three, the conclusion follows. 
Theorem 4..2 is best possible in the sense that there are 1-extendable graphs 
with p 3 6 which are neither bicritical nor bipartite. The graph G6 of Fig. 3 is such 
a graph. Note that G6 is not bicritical since Gg- a - b has no p.m. (Of course, G6 
is not 2-extendable; e.g. {x, y) does not extend.) 
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Fig. 2. 
!A us note in passing two reasonable conjectures in the sense of providing 
some kind of converse result to Theorem 4.2. They are both false, however. In 
Fig. 4(a), G, is a 3-connected minimal bicritical graph which is not 2-extendable 
((x, y) does not extend). In Fig. 4(b), G8 is a 3-connected elementary bipartite 
graph which is not 2-extendable ({x, y) does not extend). 
It is of interest, we think, to point out at this point that Corollary 11.1 of [9] 
says that any two lines of an elementary bipartite graph must lie on a nice cycle. 
(A subgraph H of an elementary graph G is nice if H is elementary and 
V(G) - V(H) has a p.m.) But this does not mean that these two lines must extend 
to a p.m. of G. For example, in Fig. 4(b) lines x and y lie on a nice 14-gon, but 
they do not extend. The reader familiar with the “ear” terminology of [9] will 
note that Gz is constructible by starting with the 14-gon containing x; and y and 
then adding seven ears of length one (i.e. lines) joining points in opposite classes 
of the bipartition. 
Now let us recall that a 2-extendable bicritical graph may or may not be 
minimal bicritical. For example, the graph G5 of Fig. 2(a) is bicritical, but not 
a 
Fig. 3. 





mirlimally so, whereas the dodecahedron is minimal bicritical. Each is, of course, 
2-cxtendable. We conclude our discussion by showing that if a bicritical graph is 
3 -extendable, then it cannot be minimal. In fact we show more, namely that if any 
line is deleted from a 3-extendable bicritical graph (with p 2 8) the resulting graph 
remains bicritical. 
Theorem 4.3. If G is 3-extendable and bicritical with p 2 8 and if e is any line in 
G, then G - e is again bicritical. 
Proof. Suppose G, p and e are as given in the hypothesis, but suppose G-e is 
not bicritical. Then by Theorem 4.1 there is a set S E V(G - e) = V(G), IS( 2 2, 
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such that G -e-S has more than IS\- 2 odd components. SO c,(G -e - S) 2 
ISI - 1 and again by parity, c,(G - e - S) 3 IS\. But once again, by Tutte’s theorem 
[lt]. q,(G-e-S)=\S\. 
Since G is &connected by Theorem 3.2, it follows in fact that ISI >4. Since G 
is bicritical, line e must join two points of different odd components C1 and C, of 
G-e-S. 
Since G is 4-connected there are at least four independent lines joining S to 
C, UC’*. But then at least two of these four-say e, and ez--meet C1 U C, in 
points differ en t f rom the endpoints of c. Since G is extendable the lines e, el and 
e2 lie in some p.m. A4 of G. But since C, and C, are odd, lV(CJ 2 3 and 
1 V(C2)] a 3 and hence M must contain at least three lines incident with each of CI 
and C2. Among these lines at least two join C1 to S and at least two others join 
C2 to s. 
On the other hand, M must match at least one point of each of the remaining 
odd components of G - (C, U C2 U S) to a distinct point in S. This contradicts the 
equation (S( = c,(G - e - S) and completes the proof. Cl 
Of course there are many graphs which are both 3-extendable and bicritical; 
e.g. all K& for n 2 3. 
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